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ON THE (K.2) SUPERCONGRUENCE OF VAN HAMME 


ROBERT OSBURN AND WADIM ZUDILIN 


Abstract. We prove the last remaining case of the original 13 Ramanujan-type supercongru¬ 
ence conjectures due to Van Hamme from 1997. The proof utilizes classical congruences and a 
WZ pair due to Guillera. Additionally, we mention some future directions concerning this type 
of supercongruence. 


1. Introduction 


In his second notebook, Ramanujan recorded the following formula for l/vr (see [U p. 352]): 
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71=0 
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64 ^ 


TT 


( 1 . 1 ) 


which he later reproduced in m together with other similar instances that would revolutionize 
the history of computing vr in the 1980’s. Here and throughout, we use the Pochhammer symbol 
{a)n ■= r(a + n)/r(a) for the quotient of two gamma functions, so that (a)o = 1 and (a)„ = 
a{a -|- l)(a -|- 2) • • • (a -|- n — 1) if n is a positive integer. 

Curiously, a proof for (jl.ip was not discovered until 1987 [2]. In 1997, Van Hamme conjectured 
a p-adic analogue of (jl.ljl . namely: 


Entry (K.2) (Van Hamme [l3]). Let p be an odd prime. Then 

p-i 

+ = 5p(-l)'^ (modp^). 

n=0 


Entry (K.2) is one of 13 Ramanujan-type supercongruence conjectures originally due to Van 
Hamme m- The other 12 have now been proven using a variety of techniques. For exam¬ 
ple, Van Hamme m himself used properties of certain orthogonal polynomials to prove cases 
(C.2), (H.2) and (1.2). Kilbourn [5] applied Greene’s hyper geometric series [3] in order to settle 
case (M.2), while McCarthy and the first author [8] combined this approach with Whipple’s 
transformation to prove (A.2). Mortenson [TO] then used a similar argument to deal with (B.2). 
The second author m adopted the method of Wilf-Zeilberger (WZ) pairs to not only give 
another proof of (B.2), but demonstrate several new Ramanujan-type supercongruences. Long 
|6] utilized a combination of combinatorial identities, p-adic analysis and transformations to¬ 
gether with “strange” evaluations of ordinary hypergeometric series due to Gosper, Gessel and 
Stanton to give yet another proof of (B.2) and prove (J.2). Recently, this strategy has been 
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successfully executed by Swisher [12] to also handle cases (E.2), (F.2), (G.2) and (L.2). Fi¬ 
nally, Long and Ramakrishna [7| showed (D.2) using a “pertubed” yFq hypergeometric series 
and Dougall’s formula. The purpose of this paper is to prove the last remaining case of Van 
Hamme’s conjectures: 

Theorem 1.1. Van Hamme’s supercongruence (K.2) is true. 

We prove Theorem 11.11 in Section [2] using classical congruences of Wolstenholme and Morley 
and a WZ pair due to Guillera. In Section [3l we make some remarks concerning future study. 


2. Proof of Theorem 11.11 
We first require two preliminary results. 

Lemma 2.1. Let p > 3 be prime. Then 


p-i 


-|-2A;) = (— 1)^2 JJ(2A; —1)^ (modp^). 


p-i 

2 


k=l 


k=l 


Proof. We have 


p-i 


p-i 

2 


+ 2k) = ll{2p + {2k - l)){2p - {2k - 1)) = (-1)"^ ll{{2k - 1)2 - {2p) 


P-1 
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k=l 


k=l 


k=l 


p-i 

2 


k=l 

p-i 


(- 1)2 {2k - 1)2 • (1 - ( 2 p )2 ( _ + _ H + j — 


{p-2f 


+ 


= (— 1)^2 JJ(2fc —1)2 (mod 


Here we have used that 


and for primes p > 3m 


k=l 


i + • • • + 


12 32 


(p-2)2 P-1 4 ^ 


= 0 (mod p), 


where Hn ■= generalized harmonic numbers. 

Lemma 2.2. Let p be an odd prime. Then 


( 2 . 1 ) 

□ 


^^ - 


= 0 (mod p^). 


( 2 . 2 ) 
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Proof. One can directly confirm the desired congruence for p = 3. Summing over n = p + 1 — k 
instead we can write 






k=2 


(l)p+l—A 


2 /P K 2 In 

( 5 ) 2+1 ^n\{^)r 


(i + i)p (i-i)Li 


(1 + 1), (i-i)Li 




(2)241 6 «•!(! 2^))T—1 


Thus, it suffices to show 


p-i 

E 


(-\ _ 2 + 

^ = 0 (mod p^) 




for p > 3. Using 


(l+£)fc — (l + e')(2 + e')---(/i: + e') — A;!(l + ^ + 0(e^)), 


we have 


(i-i)Li 


(„ 1)12(1 1^(1)^ +0(p2))^ 




n!(n-l)!(l-fi7i(^i + 0(p2)) n 
for n = 1,... — 1. We thus obtain 

P-l /I p\2 P-i trll) 

E ('*- 2)^-1 _ Tj(l) I P ^n-l / 1 2\ 

3 p^ -=^P-i + ^2^— (modp). 


2 ^ n 

n=l 


It remains to use 


-n!(l-f)._r 

= 0 (mod I?) and (j2.ip for p > 3 and 


P-l TTP) 
^n-l 


n=l \<k<n<p—l 

This establishes (12.3p and thus ()2.2I) for p > 3. □ 

We can now prove our main result. 

Proof of Theorem 11.11 Recall that a pair of rational functions F{n,k) and G{n,k) form a WZ 
pair if they satisfy 

F{n, k-l)- F{n, k) = G(n + l,k)- G{n, k). (2.4) 

The functions (see [3] or |16] ) 

F(n, k) = (84n^ - 56nA: + Ak^ + 52n - I2k + 5) 


(2.3) 


G{n, k) = 64n 


,(-l) ni)4|)n+A-l(|)Lfc 

24-(1)2(1)2„_, 


and 
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satisfy (I2.4jl since after division of both sides by G(n, k), one only needs to check that 

(84n2 - 56kn + 108n + 4k‘^ - 20k + 21){^ + n - k)^ 

64n2(2n - A: + 2)(2n - A: + 1) 

(84n2 - 56nk + 4P + 52n -12k + 5){n + k- i) {2n - k + 2) 

64n2(2n - k + l){2n - k + 2) 

^ (^+n) (n + fc-^)(|+n-fc)^ _ ^ 

16n2(2n -/c + 2)(2n - A: + 1) 

Summing (12.4h over n = 0,... , 2^, we obtain (via telescoping) 

p— 1 p—1 

'^F{n,k-1) - '^F{n,k) = G(^^^,k\ (2.5) 

n=0 71=0 


where we have used that G(0, k) = 0. Summing f|2.5p over /c = 1,... ,p, we then obtain 


p-i 

2 


p-i 

2 


n=0 


n=0 


fc=l 


^P(n,0) = ^F(n,p) + ^G(^^-^,/c) = 


2 


fc=i 


p + 1 




( 2 . 6 ) 


where we have used that F(ra, fc) = 0 if 2n — /c + 1 < 0 because of the presence of (l) 2 n-fc+i in 
the denominator. It now suffices to show 


(mod/) 


and 

=p{-l)^ (mod/). 

k=l 

We first consider (j2.7l) . As 


and for primes p > 3 [9] 



(mod/), 


(2.7) 


( 2 . 8 ) 


(2.9) 


(2.10) 
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we have 


p-l 


,p] =3p 






22(P-1)(1)2_, 


1\2 


p-l 


9 J r. 


k=0 


1 n(h+^) 


p-l 


- P-l 

2 


6pn(p + 2fe)- J];(2A:-1)2 




(mod 


( 2 . 11 ) 


fc=i 


^fc=i 


Here, we have used that 


n 

(a)-n = n ;ri 


A:=l 


a — k 


Thus, (12.7p follows from (12.111) and Lemma [2Tl We now use (|2.9p and (|2.10l) to obtain 


G 


P+1 


,k] = 


32p 

22p+2 


(- 1 )' 


(^)Ez:i\ (2)2M+fc_i(2)£±l_^ 


(l)tl 


(l)p+l-A 


p(-l) (5)2^+fc(^)|+l_fc 

2P-2(l)p^ (l)p+l_A: 


(mod 


So, (12.91) . (j2.10p and ()2.12l) imply 


G 


l) = (-1)'’2 V (mod /). 


Summing (j2.12p over k = 2,... ,p, then applying Lemma YI?2\ and (j2.13l) yields 
now follows from (I2.6p - (I2.8I) and checking the p = 3 case. 


( 2 . 12 ) 


(2.13) 

The result 
□ 


3. Concluding remarks 

It is still not known if there exists a general framework which explains this type of supercon¬ 
gruence. Such a theory is especially desirable both as it appears that all known Ramanujan-type 
series for l/vr", o > 1, have p-adic analogues and all of Van Hamme’s original 13 conjectures 
have extensions. For example, it has been recently conjectured in m that if we let S{N) denote 
the sum in (|l.ip truncated at N, then 

for all primes p > 2 and integers r > 1; for a list of these conjectural extensions, please see |12j . 
This pattern continues as for the conjectural evaluation m 

^ ^(168n3 + 76n2 + 14n + 1)^ = 

72=0 


(3.1) 
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we also expect the monstrous super congruence 

to be true for primes p > 2, p 7 ^ 5 (for p = 5, replace p®'" with p®'’“^) where S{N) is the sum in 
(j3.1l) truncated at N. This is part of a general phenomenon that has to be understood. 

Acknowldegements 

The first author would like to thank both the Institut des Hautes Etudes Scientifiques and 
the Max-Planck-Institut fiir Mathematik for their support during the preparation of this paper. 
This material is based upon work supported by the National Science Foundation under Grant 
no. 1002477. He also thanks Jesiis Guillera for his helpful comments and suggestions. The 
second author acknowledges the support by the Max-Planck-Institut fiir Mathematik. 

References 

[ 1 ] B. Berndt, Ramanujan’s notebooks. Part IV, Springer-Verlag, New York, 1994. 

[2] J. Borwein and P. Borwein, Pi and the AGM: A study in analytic number theory and computational complexity, 
Canadian Mathematical Society Series of Monographs and Advanced Texts. A Wiley-Interscience Publication. 
John Wiley & Sons, Inc., New York, 1987. 

[3] J. Greene, Hypergeometric functions over finite fields, Trans. Amer. Math. Soc. 301 (1987), no. 1, 77-101. 

[4] J. Guillera, Generators of some Ramanujan formulas, Ramanujan J. 11 (2006), no. 1, 41-48. 

[5] T. Kilbourn, An extension of the Apery number supercongruence, Acta Arith. 123 (2006), 335-348. 

[6] L. Long, Hypergeometric evaluation identities and supercongruences. Pacific J. Math. 249 (2011), no. 2, 
405-418. 

[7] L. Long and R. Ramakrishna, Some supercongruences occurring in truncated hypergeometric series, preprint 
available at http: //arxiv. org/abs/1403.5232 

[8] D. McCarthy and R. Osburn, A p-adic analogue of a formula of Ramanujan, Arch. Math. (Basel) 91 (2008), 
no. 6, 492-504. 

[9] F. Morley, Note on the congruence 2'^" = (—l)"'(2n)!/(n!)^, where 2n-|-l is a prime, Ann. of Math. 9 (1895), 
168-170. 

[10] E. Mortenson, A p-adic supercongruence conjecture of van Hamme, Proc. Amer. Math. Soc. 136 (2008), no. 
12, 4321-4328. 

[11] S. Ramanujan, Modular eguations and approximations to tt. Quart. J. Math. 45 (1914), 350-372. 

[12] H. Swisher, On the supercongruence conjectures of van Hamme, to appear in Res. Math. Sci. 

[13] L. Van Hamme, Some conjectures concerning partial sums of generalized hypergeometric series, in: “p-adic 
functional analysis” (Nijmegen, 1996), 223-236, Lecture Notes in Pure and Appl. Math. 192, Dekker, 1997. 

[14] J. Wolstenholme, On certain properties of prime numbers. Quart. J. Math. (Oxford) 5 (1862), 35-39. 

[15] W. Zudilin, Ramanujan-type formulae for I/tt; a second wind?, in: “Modular forms and string duality”, 
179-188, Fields Inst. Commun. 54, Amer. Math. Soc., Providence, RI, 2008. 

[16] W. Zudilin, Ramanujan-type supercongruences, J. Number Theory 129 (2009), no. 8, 1848-1857. 

School of Mathematical Sciences, University College Dublin, Belfield, Dublin 4, Ireland 
E-mail address', robert.osburn@ucd.ie 

School of Mathematical and Physical Sciences, The University of Newcastle, Callaghan, NSW 
2308, Australia 

E-mail address', wadim.zudilin@newcastle.edu.au 

Max-Planck-Institut fur Mathematik, Vivatsgasse 7, D-53111, Bonn, Germany 




